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ABSTRACT

The Gravastar (Gravitational vacuum star) is considered as viable alternative to Black Holes, avoiding
singularity and event horizon through a compact structure composed of a de-Sitter core with p = —p, a
thin shell of ultra relativistic stiff matter with p = p and an exterior schwarzchild vacuum region with
p = p = 0. In this paper, modified gravity frameworks are employed in Gravastar modeling to reduce
reliance an exotic matter, improve stability, and provide a more fundamental mechanism for singularity
avoidance beyond standard General Relativity. We have investigated a Gravastar configuration within
the framework of modified gravity theory f(R, L,,, T) gravity using the model f(R,L,,,T) =R + 1 L,,, +
A,T. We have analysed several physical properties of the system including energy density, proper
length, total energy and entropy. The vacuum exterior region of the Gravastar is taken to be Scwarzchild
de-Sitter exterior solution. And we have also studied junction condition from Darmois-Israel formalism,
which are employed to smoothly match the interior and exterior regions leading to well-defined surface
stresses at the shell. The results obtained in this paper demonstrate that the inclusion of matter
geometry coupling significantly modifies the equilibrium configuration and physical properties of
Gravastar providing a viable alternative to black holes within modified gravity.
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1. Introduction

The study of the endpoint of gravitational collapse has
been the most fundamental and challenging problem in
relativistic astrophysics and gravitational physics. Black holes
formed by gravitational collapse of massive stars within the
framework of General Relativity (GR) leads to the formation
of singularities and event horizon which signals as breakdown
of classical theory. A Gravastar (gravitational vacuum star),
alternative to black holes, introduced by [1], avoids the
formation of singularity and event horizon Gravastar is a
gravitational collapse cold dark, compact object with an
interior de-Sitter condensate phase (0 <r < R;), a thin shell
of stiff matter (R, <r <R,) and an exterior schwarzchild
geometry (R, <) [2]. The event horizon is located at r =
2M, referred to as the schwarzchild radius, which defines the
boundary of a black Hole, where M represents the total
gravitational mass of the black hole. In the interior region of
the Gravastar the equation of state p = wp becomes p =
—p(w = —1), where p and p are energy density and pressure
respectively. And in the thin shell region equation of state p =
p(w = 1) and in the exterior region with the equation of state
p = p = 0. Many researchers have been interested in the study
of Gravastar model in different modified gravitational theories
[3,7]. Also researchers have investigated Gravastar model as an
alternative black hole theory within the framework General
Relativity (GR) [8,10]. But GR has limitations in explaining
dark energy, late-time cosmic acceleration [11,15] even though
it has been successfully described the large-scale structure and

evolution of universe and several phenomena of gravity over a
wide range of scales. The researchers have been studying in the
modified theories of gravity by changing gravitational sector of
Einstein field equations to explain cosmic acceleration.

The modified gravity theories include f(R), f(T),
fR,T),f(R,Ly,),f(R,L,,T) gravity model etc. In f(R)
gravity model [16,17], the Einstein Hilbert action is
generalized by replacing the Ricci scalar R with an arbitrary
function f(R). In f(R,T) theory [18], the gravitational
Lagrangian depends on both Ricci scalar R and trace T of the
energy-momentum tensor.

The modified gravity f(R,L,,) [19] allows gravitational
action to be an arbitrary function of Ricci scalar R and the
matter Lagrangian L,,. In modified theory f(R, L,,, T) gravity
[20, 21], the gravitational Lagrangian depends not only R but
also on L,, and T, thereby unifying f(R, T) and f(R,L,,)
gravity theories and providing new gravitational effects beyond
GR. This theory leads to non-minimal coupling, non-
conservation of energy-momentum tensor and emergence of an
extra force making the theory highly suitable for studying
compact objects like Gravastar. The effect of changed on
Gravastar model in f(R,T) gravity have investigated in [22].
The stable Gravastar model for a particular matter Lagrangian
in the foundation of f(R, L,,, T) gravity in the static spherically
symmetric space-time have investigated in [23]. In this paper,
we consider the f(R,L,,, T) gravity model given by
f(R,L,,,T) =R+ AL, +2,T, where 4, and 1, are coupling
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parameters that governs the interaction between matter and
geometry. The presence of term 4,L,, and A,T modifies the
field equations of GR and leads to non-conservation of energy-
momentum tensor which in turn affects the internal structure
and physical properties of Gravastar.

The paper is organized as follows: in section 2, we present
gravitational field equations in f(R,L,,, T) gravity. In section
3, we obtained cosmological solutions of f(R,L,,, T) gravity
model f(R,L,,,T) =R+ AL, + A,T. In section 4, we
analyse the spacetime geometry of Gravastar. Physical
characteristics of Gravastar model is investigated in section 5.
In section 6, we discuss junction conditions between the
interior and extrerior regions of Gravastar. Finally, the
conclusions are presented in section 7.

1
fRR/w - ;fg;w + (g,w':' - Vuvﬁ)fR = 87TTu19

where fp _— = fr=0 fLm =;L—f, V, represents the
covariant derivatlve to symmetric connection g,y and O =
“V#=\/+_gaﬂ,/—gg"‘9619 is the d’Alembertion

operator).

(wave

Here the tensor 0, is defined as:

8Tqp 9%Ly,
@/u? = gaﬂw = —ZT;w + guﬁLm - 2g Pt agm"agaﬁ 4)

By using the contracted Bianchi identity

- fT(Tmﬁ' + emﬁ’) + %fLm(Tﬂﬁ
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2. Gravitational field equations in f{R,Lm, T) gravity

The Einstein-Hilbert action for f(R, L,,, T) gravity theory
with strong geometry-matter coupling is given by

S =[[=fR L, T) + Ly | =g d*x )

where R is the Ricci scalar, L,, is the matter Lagrangian,
T = g"*T,, is the trace of the energy momentum tensor and
g = det(g,s), where g, is the metric tensor. We assume
natural units C = G = 1. The energy momentum tensor T, is
defined by

_ 2 8(-gLm)
e @

By varying the action (1) with respect to the metric tensor
Juos Yields the following modified field equations:

- ngmf}) (3)

V¥ = o P, [( o + 6,0 ) VEf +§(Tu19

3. Cosmological solutions for f{(R,Ln,T) gravity
We consider the model

f(R,L,,,T) =R+ AL, +2,T

where 4, and 4, are arbitrary coupling constants.

Now, we compute fz=1,fr =2/, =2,V.fr =
0,V,fr =0.

Using the above substitutions,
obtained as:

equation (3) can be

Gm? = 87TT;419 - /12 (Tm? + Ouﬁ) + /11 (Tuﬁ - nguﬁ) +
1
> ALy, + 2, T)g;w C))

and equation (8) becomes
VAT, =

V40,9 (10)

8m —az+ o

If1, =0,4, =0, then

VEGue =0 (5)
and the derivative commutative identity

V¥ (Gus0fe = VuVofx ) = —R§Vifr (6)
and noting the chain rule

Vof (R, Ly, T) = faVoR + frVoT + fi, Vol )

The covariant divergence of the field equation (3) yields

- nguﬁ)vﬂfLm + fTVMG)m‘? (8)

G[,Lﬂ = 87TT#19 and V'LLT/_ug =0

Which is the GR limit.

Now we consider the spherically symmetric metric
ds? = e?Mdt?2 — eAMdr2 — 2(d62 + sin% 6 dp?) (11)
where 9 and A are two unknown functions of radial co-

ordinate .
The non-zero components of Einstein tensor are given as:

GR==(1-e?)-%e* (12)
Gl==(1—-e?)—=e? (13)
G =6 =""[20"+97 -0 +i00'-2)] (14
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where prime denotes the derivative with respect to the
radial co-ordinate r.

We assume that the universe is filled with a matter
distribution represented by the energy-momentum tensor of a
perfect fluid defined by

Tyo = (p + P)Uyuy + PGuo (15)

where p and p are the pressure and energy density of the
perfect fluid and w, is the four-velocity vector such that
wut = —1.

Denoting x° =1, x1 =r, x2 =6, x> = ¢ and using co-
moving co-ordinates

Guo = (87 + Ay + )Ty + [p (A2 + 32, ) + 22| g0

Using T = —p + 3p in equation (18), we get

Guo = (87 + Ay + )Ty + [0 (A2 +321) + 3 2,(p + 3p)]| g0

9
ut = (e_Z, 0,0,0),

The non-zero components of the energy momentum tensor
of a perfect fluid are
To=—p Tt =T =T =p (16)

For a perfect fluid, we assume L,, = —p, then from
equation (4), we get

Gyﬂ = (_ZTuﬂ - pgyﬂ) (17)
Substituting the value of equation (17) in equation (9), we
get

(18)

(19)

By using equations (12), (13), (14) the field equation (19) can be formulated as:

riz(l —e™) —%’e‘l =p (87‘[ +§/11 +§/12) —;lzp

S(1-e?) —ﬁ;'e‘l = p(%ll +§/12)—p(8n+/11 +§/12)

20497 -0 +20 - )| = p (22 +20,) —p (B + 4, +21,)

By using equation (17), equation (10) can be written as:

v#T;u? =- guﬁvup

2
8T+341+1,

Using equation (18) and noting G = 8mp,f, we get

1
Pesr =P + 17— [hp +2;,(p = 3p)]

Using equation (21) and considering the mass function

definebye* =1 - zmT(T) and noting G = 8mp, s, we get the
relation define by

o m(r)+4nr3pes s 25)

2 r(r-2m)

By using equation (23) and (25), we get the hydrostatic
equilibrium equation for the stellar system with spherically
static symmetrical structure in f(R,L,,,T) = R+ AL, + 1,T
model as:

dp _ (p+p)[m() +4mr3pesy] A, dp
ar r(r-2m) 8+321+4, dr

(26)

For A, = A1, = 0, we can reduce it to the standard form of
the Tohman-Oppenheimer-Volkoff (TOV) equations as in the
case of the GR.

(20)

(1)

(22)

(23)

(24)

4. Space-time Geometry of Gravastar

Gravastar’s structure has three regions namely the interior
region (0 < r < R;), a thin shell of stiff matter (R, <r <R;)
and an exterior region (R, < r) which resembles the exterior
solution discovered by Karl Schwarzchild.

Case I: w = —1 (Interior region) (0 <r < R,)
In this case, the equation of state is
p=-p (@7

Using this condition and the non-conservation of the
energy momentum tensor, we can have
p = pi(constant) (28)

and thus the pressure becomes
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P = —Pk (29)
Under this conditions, equation (20), takes the form

et = 1—%(8ﬂ+§/11+3/12)r2 (30)
The central active gravitational mass is given by

M(R,) = f0R1 4rtrip,dr = 4?7TR13,0,( (31)

From figure 1, we see that at r = 0, e~*(0) = 1 which
implies that metric function is clearly regular at » = 0 having
no Central singularity. As r increases the metric decreases and
at some radius r = R,;, e"*(R,) =1, which defines the
boundary of the interior region.

Case Il: w = 1 (Shell region) (R; <r <R,)

The matter distribution in this shell region is assumed to
consists of an ultrarelativistic stiff fluid obeying the equation
of state p = p.

The shell contains finite stiff fluid coupled to the cold
baryonic matter [24]. In the shell region, we assume that the
metric potential satisfies 0 < e << 1 indicating that the
spacetime is highly compact. Under this thin shell
approximation, we have 1 — e™* ~ 1.

Neglecting higher-order in metric variations under the thin
shell approximation, where metric functions vary slowly and
adopting the stiff fluid equation of state p = p, the field
equations (20) — (22) reduce in the following simplified form

r_Z_Te_A =p(8n+§/11) (32)
Ly Zet=p(Br+ia, +1,) (33)
%(,9'—,1') =—p(8r+32,+1,) (34)
Solving these equations (32) — (34), we get

e')‘zC—lnT+§(8T[+%/12)r2 (35)

where C is the constant of integration, where R; <r <R,
and we assume R, —R; =€, where € <1 (very small
quantity) and R~1 (radius of configuration).

Substituting the condition p = p in equation [24] and [26]
assuming in the Gravastar shell m(r) = M = constant, we
get

1

1 _ 3 r \1+k
4mtfr3 w [ 4-7Tﬁ7' € (r—ZM) ] (36)

p(r) = p(r) = —

where

1
p=1 +E(/11 —213)
_ A2
8msAi+A,

where W is Lambert function.
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From equation (26), we notice that pressure p depends on
the radial co-ordinate due to matter-geometry coupling.

Case I1: w = 0 (Exterior region) (R, < 1)

The exterior vacuum space-time of Gravastar is described
by the equation of state

p=p=0 (37)

The exterior spacetime resembles the exterior solution
discovered by Karl Schwarzchild which is given by

2M 2M
ds? = <1 - T) dt? — (1 - —) dr?

r
—r2(d6? + sin? 0d®?) (38)

where M being the mass of the gravitational system.

5. Physical characteristics of the Gravastar model

A. Proper length of the shell

The stiff matter shell layer which acts as a stabilizing layer
separating the radius of the inner boundary of the shell of the
Gravastar i.e. r = R; and radius of the outer parameter of the
shell R, = R, + €, where €, which indicates the proper shell
thickness. We assume R~1 (radius of the configuration) and
e << 1, which is very small. The proper length of the shell
region is given by

Ri+te Rite€ dar
= [Veldr=[* (39)
le le C-In r+§(8n’+§/11)r2
Integrating equation (39), we get
= - (40)

_ P 3 2
Jc In Ry +5(8m+221 )Ry

From equation (40), we observe that the proper thickness
of the shell depends inversely on the metric potential and is
controlled by the coupling parameter 1,, while A, term does
not contribute in the stiff fluid shell region. The shell becomes
thinner if A; > 0 and it becomes thicker if 1; < 0.

B. Energy content

The interior region of the Gravastar contain finite vacuum
energy which acts as a repulsive nature avoiding singularity.
Thus the energy content within the shell region of Gravastar is
given by

E= f:lﬁe Ampr? dr (41)

1
where p(r) = p(r) = — ﬁw [_4”[”36 (r—TZM)1+k]

C. Entropy within the shell region

Total entropy of the Gravastar is mainly concentrated in
the shell region and there is no entropy in the core (interior)
region [1,2].

By using equation (11), the entropy can be measured as

S =4 J‘RR11+e

S(myr:Veldr (42)
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where S(r) denotes local entropy density at a given
temperature T (r) and

S(r) = kB T() _ ¥ ("_B) r 43)

4mh? h 21

where y is a dimensionless parameter, kg is Boltzmann
constant, h is plank constant.
Substituting equation (43) into equation (42)

[ ary () \/%\/e_’ldr (44)
1

A — __
where e* = C—lnr+§(8n+%ll)r2
and
1
1 1
w = p(‘r‘) = p(‘)") = _4-1TBT3 W [—4HBT3C (j)ﬁ-k]

6. Junction condition between the interior and the
exterior of Gavastar

According to Darmois-Israel formalism [25, 26], the
interior de-Sitter spacetime and exterior Scwarzchild geometry
are smoothly matched across a thin shell Isreal junction
condition. The thin shell Gravastar Characterised by a stiff
fluid with equation of state p = p supports non-zero energy
density and pressure, ensuring the stability of Gravastar
configuration.

At the junction surface, the stress energy tensor according
to Lanczos equation [38, 39] is given as

1

Sij = gn (kij = 8ikss) (45)

where k;; = kij+ —k;;~, represents the change in
extrinsic curvature across a hypothetical shell or surface. Here
subscripts ' + * and ’_* corresponds to the outside and inside the
shell respectively and k;; is the extrinsic curvature tensor and

[ 2m

2| R?

k;; provide the jump or discontinuity in the second
fundamental form across the thin shell.
The extrinsic curvature in the 2" fundamental form on

each side of the shell are given by

R i A M]
kij™ ==y [a@iaw‘ ap apiag) ly (46)
where @' are the shell intrinsic co-ordinates n,* are

normal vector to the surface Y and for the shape of spherically
symmetric static metric.

dr?

ds? = f(r)dt? —f(—r)—rz(ale2 + sin? 8 d®?) 47
The normal vector 77, * can be written as:
1
_ af af 17z or
mt =g L5 105 (48)

withn¥n, = 1.

By using the Lanczos equation, the surface energy tensor
Sij = dia[o, —v, —v, —v] where ¢ is the surface energy density
I is the surface pressure.

The surface density o can be obtained as:

N

which yields,

3
_ 1 ﬂ _ _ (87T+E/11+3/12) 2
0-__471:R1[\’1_R1 J1 3 Ry"pr

and we obtain the surface pressure as:

(49)

1t
—_9, |
v=-g+slE]
which yields

2(8n+%11+312)R1pk

Vv =

3 2
1 2M (87T+—11+312)R1 Pk
1——-— \/1 — 2
87R, '\, Ry 3 +

By using equations (49) and (50), the equation of state
parameter w is given by

RiZ . 2(8n+%11+312)R1pk
\/1—% Jl_(sn+%ll+3lz)R12pk
wR) =2=—7-" : (51)
g 2 4 > (877:+%ll+312)R12pk
121 =

Using the small parameter approximation i—M <1 and as
1

(8m+221+322 )Ry % .

well as << 1 for real solutions and using

167 {Jl_% +

(50)

e s e el

3 2
jl_(8n+511+312)R1 Pk
3

binomial expansion of square root and keeping only first order
terms, the equation (51) can be reduced as:

M, pk(8n+%ll+3lz)R12

1 Ry 3
w(Ry) = 2 + pk(8n+%ll+3lz)R12 M (52)
3 R1
The mass of the thin shell can be obtained as:
m, = —4nR,%c
8m+2A,+31, )Ry 2
=R, Jl_w_ 1_1_“”] (53)
1
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From equation (53), the overall mass M of Gravastar can
be obtained as:

3
R (87 +32, +32,) Ry *pi

2 3
+mSJ1_M_m_SZ (54)
3 2Ry
Equation (54) can be written as:

2
M=224+mT—4-T5 (55)
1

8m+31,+31; )R 2

3

From equation (55), we observed that the total Gravastar
mass M is composed of physically distinct contributions from

three regions. The term %A represents the effective mass

generated by the interior (core) region. The interior region
between an effective vacuum energy region whose
gravitational influenced depends on coupling parameters A,
and A,. The second term corresponds to the contribution of the
thin shell region. The v1—A can be interpreted as a
gravitational redshift factor caused by the curvature of
spacetime generated by the interior region. The effective
contribution of this thin shell is reduced due to gravitational
redshift effect. In case the parameter A — 1, the shell
contribution vanishes which indicates the formation of ultra-
compact configuration approaching horizon formation. The

2
third term —?Tf represents the gravitational binding energy

1
associated with the thin shell and reduces the total mass of the
configuration, reflecting the energy required to assemble the
shell against the own gravitational attraction.
In case 1, = 4, = 0, the expression reduces to GR which
confirms the consistency of the model.

7. Conclusion

In this paper, we have investigated the Gravastar
configuration introduced by [1,2] within the framework of
modified gravity f(R,L,,, T) gravity defined by the linear
model f(R,L,,, T) =R + AL, + A,T Gravastar model is an
alternative to the Black Hole to avoid event horizon and central
singularity. In this paper, we analyse the three regions of
Gravastar with distinct equations of state (EOS) namely the
interior region with the EOS p = p and the vacuum exterior
region resemble with schwarzchild solution with EOS p = p =
0.

In the interior region (w = —1) (0 <7 < Ry, the metric
potential exhibits a regular and monotonically decreasing
profile, indicating a non-singular de-Sitter type interior

RP Current Trends In Applied Sciences

supported by constant energy density. The presence of
coupling parameters A, and A, significantly influences the
curvature behavior, thereby affecting the size and stability of
the Gavastar configuration.

From fig 1, we notice that the metric potential e=*(™ is
monotonically decreasing with radial distance which indicates
the increase of gravitational curvature. It starts from unity at
the center which ensures regular and non-singular interior
geometry. The function e~*(") vanishes at a finite limit which
determines the effective boundary of the compact object. These
conditions are consistent with physically viable Gravastar
models in modified gravity.

In the intermediate thin shell region with the EOS equation
p = p, the stiff matter layer provides pressure support that
presents gravitational collapse and acts as a stabilizing layer
separating the interior vacuum region from the exterior vacuum
spacetime.

Fig 2 shows that as r increases the pressure approaches
zero at the outer boundary of the shell which indicates a stable
transition towards the exterior vacuum region.

The appropriate shell thickness is depend not only by the
co-ordinate separation e but also by the spacetime curvature
given by the denominator of equation (40). The finite and
small thickness of shell approximation ensures a stable, non-
singular Gravastar configuration.

And we noticed that Gravastar’s energy density depends
on the radial co-ordinate r in the thin shell region.

In a Gravastar, entropy is entirely confined to the thin shell
region where the matter obeys a stiff fluid equation of state.
The interior and exterior regions of Gravastar contribute no
entropy distinguishing Gravastar from black hole.

The junction conditions discussed in this paper ensure the
smooth matching of the interior de-Sitter region to the exterior
schwarzchild spacetime, while the metric coefficients are
continuous at the junction surface, the discontinuity in extrinsic
curvature gives rise to surface stresses, which physically
represent the thin shell separating the two regions. The
equation of state so obtained in this paper indicates that the
thin shell of the Gravastar is composed of exotic matter
characterized by negative pressure and the presence of the
modified gravity coupling parameters 1, and A, significantly
alters the balance between gravitational attraction and
repulsive effects. A stable Gravastar configurations, without
the formation of an event horizon can be achieved through the
domination of repulsive contributions arising from suitably
chosen of coupling parameters.

The total Gravastar mass M is composed of three distinct
contributions: Interior core contribution, thin shell contribution
and the gravitational binding energy term. Thus the Gravastar
model in f(R,L,,, T) gravity, discussed in this paper preserve
the essential features of Gravastar structure, originally
proposed by Mazur and Mottola.
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Figure 1: Plot of metric coefficient e ~* with respect to radial co-ordinate r in the interior of the Gravastar.
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Figure 2: Plot of pressure p with respect to radial co-ordinate r of the ultrarelativistic fluid inside the thin shell of Gravastar.
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